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Multi-Isotope Separation in a Gas Centrifuge Using 
Onsager’s Pancake Model 

HOUSTON G. WOOD, THOMAS C. MASON, 
and SOUBBARAMAYER 
DEPARTMENT OF MECHANICAL, AEROSPACE & NUCLEAR ENGINEERING 
UNIVERSITY OF VIRGINIA 
CHARLOTTESVILLE, VIRGINIA 22903, USA 

ABSTRACT 

A method is developed to compute the optimal multi-isotope separation in a 
gas centrifuge. The method relies on three models: Onsager’s pancake equation, 
diffusion equations written for each isotope, and an optimization routine. On- 
sager’s equation, well studied in the past for UF6, is adapted to multi-isotope 
gas mixtures, focusing on the three drives generating the countercurrent flow in 
practical centrifuges: feed drive, scoop drive, and linear wall thermal drive. Diffu- 
sion equations are written for each isotope in the initial form of partial differential 
equations (PDE) and reduced to ordinary differential equations (ODE) by the 
radial averaging method. These ODES, linked with the solution of Onsager’s equa- 
tion through two parameters (flow profile efficiency and scaled countercurrent 
flow), are solved by an iteration method. The optimization routine is based on a 
choice of a strategy and a method, using the solutions of the two preceeding 
models, to determine the optimal countercurrent driving parameters. Two exam- 
ples of application, having an industrial interest respectively in the reprocessing 
of nuclear waste and in the production of stable isotopes, are presented: The 
reenrichment of spent reactor uranium and the separation of chromium isotopes. 

1. INTRODUCTION 

Over the past years, several countries have funded important programs 
to develop and deploy gas centrifuges for enriching uranium in the fission- 
able isotope U-235. As a result, the centrifugation process has reached 
full industrial maturity and several large-scale production plants are now 
operating in different countries such a s  Germany, Holland, Great Britain 
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1186 WOOD, MASON, AND SOUBBARAMAYER 

(the three partners in Urenco), Russia, and Japan. The total enrichment 
capacity of those centrifuge plants presently represents about one-third 
of the world enrichment capacity, making centrifugation the second most 
used industrial process after gaseous diffusion. The position of the United 
States has evolved somewhat differently. The US Department of Energy 
(DOE) spent 25 years developing the gas centrifuge process and increased, 
according to Roberts (I), the separative performance of the unitary ma- 
chine from less than one separative work unit (swu) for a centrifuge with 
a rotor of 7.6 cm diameter and 38.1 cm long to 200 swu’s for a centrifuge 
with a rotor of 0.61 m diameter and 12.2 m long. A separative work unit 
is about the separative capacity required to produce 0.25 kglyr of 3% 
U-235 reactor-grade fuel from natural 0.7% U-235 while stripping the tails 
materials to 0.2% U-235. Nevertheless, in 1985 the DOE shut down in 
1985 its centrifuge program because of a plateau in both domestic and 
world demand for nuclear fuel. At the same time, the United States also 
made the decision to meet its near-term need for enriched uranium with 
the existing gaseous diffusion plants and to continue the development 
work on the Atomic Vapor Laser Isotope Separation (AVLIS) process to 
meet 21 st century needs. 

More recently, some interest has appeared for using existing gas centri- 
fuges to separate other isotopes like stable isotopes or spent reactor ura- 
nium isotopes. The motivations of that interest are different. There is a 
growing demand in medicine and fundamental. physics research laborato- 
ries for stable isotopes. The use of the gas centrifugation process makes 
it possible to produce isotopes of several elements when large (kilogram) 
quantities are commercially needed. For instance, this is the case for 
xenon, krypton, tungsten, molybdenum, rhenium, iridium, tellurium, sul- 
fur, germanium, chromium, and others. Regarding spent reactor uranium, 
the problem was raised in some countries in the framework of the nuclear 
waste reprocessing cycle. Once all the radioactive elements are removed, 
the remaining spent reactor uranium contains five isotopes, U-232, 
U-234, U-235, U-236, and U-238. The concentration of the fissionable 
U-235 is about 1%, much higher than the 0.71% concentration of U-235 
in natural uranium. In a sense, once the stock of spent reactor uranium 
is reprocessed, it is a uranium mine richer than any natural mine. The 
idea is to reenrich that spent reactor uranium and use it again as fuel for 
power reactors, thus closing the reprocessing cycle. A number of papers 
can be found in the public literature reporting on this type of separation 
activities by gas centrifuge in the USA (1, 2) China (3), Russia (4-6), and 
Urenco (7). It is obvious that a centrifuge designed for the production of 
fuel for nuclear reactors cannot separate with equal efficiency other iso- 
topic mixtures for which the molecular mass is quite different and for 
which the number of components is much more than two. A conversion 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1187 

of existing facilities is necessary and requires a reoptimization of working 
parameters according to each specific process gas. The goal of the present 
paper is to adapt the theoretical models that supported the uranium centri- 
fuge program to the multi-isotope mixtures and to reoptimize, with a new 
optimization strategy, the countercurrent driving parameters like the 
scoop drag, the linear wall temperature gradient, the feed rate, and the 
cut. Our investigation is restricted to a single centrifuge. The problem of 
cascading for multi-isotope separation is not dealt with in this paper (the 
reader is referred to Refs. 8-13). 

The model describing the phenomena in a centrifuge includes a set of 
equations describing the fluid dynamics of the countercurrent and the 
diffusion equations written for each isotope of the mixture. The problem 
is solved in two steps. In the first step, described in Section 2, the gas 
dynamics is solved for an average mass velocity, density, and temperature 
of the mixture as a whole. We use Onsager’s pancake model with internal 
source/sink terms. Solution of this model has been investigated by Wood 
et al. (14-16). The introduction of the feed gas plays an important role in 
establishing the countercurrent flow. We use one of the three models 
developed by Wood (17). In the second step, the solution found in the 
first step for the countercurrent flow is employed for solving the diffusion 
equations. In Section 3 we start by writing the set of nonlinear partial 
differential equations (PDEs) governing the diffusion-convection of each 
isotope, and then we give the reduction of the PDEs to a set of nonlinear 
ordinary differential equations (ODEs) by the method of radial averaging 
(18-21). The solution of the countercurrent flow of Section 2 is introduced 
in these ODEs through two functions: flow profile efficiency eF and nor- 
malized countercurrent flow m, both being functions of the axial coordi- 
nate. We terminate Section 3 by giving the solution of the ODEs by the 
method of iteration developed by Harink-Snijders (22). However, the lat- 
ter author has not proceeded to the optimization of the countercurrent 
driving parameters. In Section 4 we define a new optimization strategy 
for multi-isotope mixtures, as the classical quantities like value function 
and separative power, which are so fundamental in the case of binary 
isotopic mixtures, are no more available in multi-isotope cases. Section 
4 culminates in two examples of practical calculation of optimal centrifuge 
parameters for the reenrichment of spent reactor uranium and for the 
separation of stable isotopes of chromium. 

2. FLUID DYNAMICS OF A GAS CENTRIFUGE 

The fluid dynamics model used in this study is the Onsager pancake 
equation with the inclusion of internal sourcehink terms (14-16). This is 
summarized in Section 2.1. The introduction of the feed gas plays an 
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1188 WOOD, MASON, AND SOUBBARAMAYER 

important role in establishing the secondary countercurrent flow, and 
Wood has developed a feed model to study the effects of the feed flow 
on the separation of a single-stage gas centrifuge cascade. The feed model 
used by Wood (17) is described in Section 2.2. 

2.1. Onsager Pancake Model with Source/Sink Terms 

The derivation of the equations has been reported in numerous articles 
by Wood et al. In this model the solution to the equations of motion 
for a viscous heat-conducting compressible ideal fluid is assumed to be 
representable as a perturbation about solid body isothermal flow in a right 
circular cylinder. The perturbation equations can be combined into a sin- 
gle sixth-order, linear partial differential equation 

(2.1) 

where x is a master potential from which the physical variables can be 
extracted. The independent variable 

( e ” ( e ‘ x x x ) x x ) x x  + B2xy, = F(x, y )  

x = A2 [I - (ir] 
is the radial scale height or e-folding distance for the density and y is the 
axial variable scaled by the radius, a ,  of the cylinder. The variable B2 
= ReZS/16A12 is a parameter containing the physical description of the 
particular rotor and operating parameters. In particular, Re = pwQu2/p 
where pw is the density at the wall, C! is the frequency of rotation, and p 
is the viscosity where the bulk viscosity has been taken to be 0. The 
quantity S = 1 + PrA2(y - 1)/2y is a thermodynamic variable where y 
is the ratio of specific heats and Pr is the Prandtl number. The speed 
parameter is A2 = fl2u2/2RTo, where TO is the average temperature of the 
gas and R is the specific gas constant. The nonhomogeneous term F(x, 
y )  arises from internal sources or sinks of mass, momentum, or energy 
and is written 

B2 X T  

x fox’ (Z ,  + 2(S - 1) V.”)dX’dX’’ - - (2.2) 4A4 

B2A x loX’ M,dx‘dx“ - - [(e‘U,), + (e”W)x.rl 2ReS 

Here M ,  tr, V ,  W, and 2 are dimensionless quantities which represent 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1189 

source terms in the modified forms of the conservation equations for mass, 
momentum, and energy. In terms of the dimensional physical variables, 
the source of mass is M ,  the source of momentum is F, = (F,,  F,, F z ) ,  
and sources of heat and work are Q and W. The mass introduced by the 
source has temperature T,, velocity V, = (V,, V , ,  V z ) ,  and the local 
velocity of the rotating gas is assumed to be given by solid body rotation 
or q = (0, Or, 0). The quantities in Eq. (2.2) are related to these physical 
variables as follows: 

M = M/p,LR (2.3a) 

(2.3b) 

(2.3~) 

(2.3d) 

U = (Mu,  + F,)/p,fl'a 

V = (Re/4A4) [ (u,  - LR(2r)M + Fel/p,,LR2a 

W = 2A2[Mu, -t Fz]/p,,,f12a 

Q + W - q * F , + M  

(2.3e) 

2.2. A Feed Model 

At high rates of rotation, the gas is compressed into a narrow annular 
region near the cylinder wall and a very good vacuum is established in 
the center region of the centrifuge. The feed gas is introduced from a hole 
in the pipe which is located along the axis of rotation (see Fig. 1). We 
assume the stagnation conditions in the feed reservoir are known, and 
that the hole is a choked orifice. This allows the velocity and temperature 
of the expanded gas to be determined. Further, this expanded gas is frozen 
in all of its modes except the transnational mode. Therefore, the gas con- 
tinues with this temperature along the trajectory until it reaches the denser 
region and collides with the rotating gas. We assume that this collision 
occurs at a radial position where the mean free path is equal to a local 
density scale height, and that with one collision the feed gas is accelerated 
to rotational speed. We assume the expansion from stagnation conditions 
To,  Vo = 0 to T,, V, is adiabatic so that cp(To - T,) = iV: which is 
substituted into Eq. (2.3e). Therefore the source terms which model the 
introduction of feed are 

M = M/p,fl (2.4a) 

U = Mv,./p,f12a (2.4b) 

(2 .4~)  V = (Re/4A4) (ve - flr)M/p,LL2a 
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1190 WOOD, MASON, AND SOUBBARAMAYER 

FIG. 1 Schematic of a gas centrifuge. 

W = 2A2Mv,/p,R2a 

Z = ( u / ~ A ~ ) M ” ~ [ ( V ~  - q)2 - V ; l / ( k T o / ~ * )  

In Eqs. (2.4) the mass is assumed to enter by the formula 

M = M o ~ ( x  - x * ) G ( y )  

where 

0 O S y < y *  - 1.5 
1 
0 

y* - 1.5 S y  S y *  + 1.5 
y* + 1.5 < y 5 Y T  

(2.4d) 

(2.4e) 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1191 

where y* = yT/2,  and 6 is the Dirac delta function. This implies that the 
mass enters in a ring of axial extent equal to 3 radii centered about the 
midplane. For the source velocity V = (vr,  ve ,  vz) ,  we choose v,  = 0 and 
v, = ($tTo)”2, sound speed for the gas. This simulates the case of choked 
flow through the orifice in the center post. The azimuthal component of 
the source velocity is taken to be equal to the local velocity of solid body 
rotation. This assumes the feed flow has been spun up so that ve = Rr*. 

The conditions of no shear and no heat flux are imposed on Eq. (2.1) 
at the inner boundary or top of the atmosphere at a radial location x = 
xT,  where xT is chosen large enough so that the solution is independent 
of the choice. Numerical experiments have shown that xT = 15 is large 
enough, and this value is generally used. This is consistent with the analy- 
sis of this problem by Cooper and Morton (23) .  The radial location of the 
feed gas collision depends on operating parameters such as the rotation 
rate and inventory, and for the cases considered ranges from approxi- 
mately x = 8 to x = 10. Because of the assumptions regarding the feed, 
the boundary conditions at x = XT are not changed. The relationship be- 
tween the different radial locations is displayed in Fig. 2. 

The mass that is introduced by the feed can be removed through a 
boundary or a sink. Again refemng to Fig. 1 with an upper baffle, a model 
of this geometric configuration would allow for mass removal through the 
upper boundary and through a sink located at the position corresponding 
to the bottom scoop. This scoop is stationary and acts as a sink of angular 

I 

Feed 
Entry 

Top of Atmosphere 

Feed Location 
(Position of Fimt 
Collision with 
Rotating Gas) 

Centrifuge Annular Reglon 
Center Containing 

Rotating Gas 

FIG. 2 Schematic of the feed model. 
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1192 WOOD, MASON, AND SOUBBARAMAYER 

momentum or a source of drag. Therefore, F, = (0, F u ,  O), where Fo is 
the drag force exerted by the scoop, and q-F, = Rr*Fo is the scoop drag 
power. The source model for the scoop drag is then 

M = U = W = Q  (2.5a) 

V = (Re/4A4)Fe/p,,.02a (2.5b) 

Z = - ( 1/4A4)Or*Fo/(kToh2) ( 2 . 5 ~ )  

Here, Fe is negative since the scoop is a sink of angular momentum. If 
the valve is closed so that no mass is removed by the scoop, Eq. (2.5) 
models the action of the scoop on the gas. 

In the case where mass is removed by the scoop, the source terms will 
be the sum of those given by Eqs. (2.4) and (2.5) with M taken as negative 
to reflect a sink of mass. If the control volume used is taken in front of 
the scoop, the gas can be assumed to leave the system with the velocity 
of solid body rotation so that V, = (0, Or*, 0). For example, we see that 
Eq. (2.4e) is simply 

2 = - (1/4A4)M”2(Rr*)2/(kTo/a2) (2.6) 
which represents the kinetic energy of the gas leaving the system. 

3. SEPARATION EQUATIONS FOR A MULTI-ISOTOPE 
MIXTURE AND SOLUTION 

For a mixture of n isotopes, the separation is basically governed by a 
set of 11 diffusion equations with appropriate boundary conditions (Section 
3.1). These equations are nonlinear two-dimensional partial differential 
equations (PDEs) and are not easily tractable. The radial averaging 
method (Section 3.2) reduces the set of PDEs into a set of ordinary differ- 
ential equations (ODEs) much easier to solve. This set of ODEs is ex- 
pressed (Section 3.3) in terms of Onsager’s master potential and solved 
(Section 3.4) by the iteration method. 

3.1. Diffusion Equations 

The net transport vector & of isotope k in the centrifuge is the balance 
between three basic transport phenomena depicted in Fig. 3: pressure 
diffusion & (thin arrow), backdiffusion c$f (medium weight arrow), and 
convection $2 (thick arrow): 

& = &, + 6: + & (3.1) 

The first one is the primary separative effect by centrifugation, while the 
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Inner Boundary 
of Stewartson 
Layer 

To Axis 
of Rotor 

\I I 1 I 
Convection 
Back Diffusion 

I Pressure Diffusion 

Rotor 
Wall 

Radial Profile 
of the axial 
mass velocity 

FIG. 3 Schematic of the three basic transport phenomena acting on each isotope in the 
centrifuge. 

two others are separation efficiency decreasing factors. The radial and 
axial components of the three basic transports follow: 

(3.2a) 

(3.2b) 

(3 .2~)  

The gas is assumed to be perfect and to behave isot..ermal.j. The mass 
density pk is related to the mole fraction Nk and to the total mass density 
P by 

I1 n 

p = 2 p j  Pk = PNk 2 Nj = I (3.3) 
j= 1 j= 1 
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1194 WOOD, MASON, AND SOUBBARAMAYER 

We recall the pressure diffusion relation to the centrifugal acceleration 

- p&’r ( = Pa’rNk) (3 -4) 

Substituting Eqs. (3.3) and (3.4) into Eq. (3.2) results in the following 
expressions for the three transports: 

apk 

ar 
- -  

(3.5a) 

&(PVrNk, PVzNk) (3.5c) 

The radial component 4 k . r  and the axial component +k,z of the net transport 
vector & are easily derived by substituting Eq. (3.5) into Eq. (3.1): 

(3.6a) 

(3.6b) 

The steady-state conservation law for isotope k in the centrifuge is 

(3.7) 

Assuming that (pD) is constant and introducing Eq. (3.6) in Eq. (3.7) 
results in the diffusion equation for isotope k: 

(3.8) 
Equation (3.8) is derived by using the continuity equation of fluid dynam- 
ics and by neglecting the radial convection term pV,.(dNk/ar). The latter 
assumption is justified by the fact that the radial component V,. of the 
velocity is predominant over the axial component V ,  only in the very thin 
Ekman layers, i.e., very near the end caps. 

Equation (3.8) should be completed by appropriate boundary conditions 
as follows: 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1195 

0 There is no radial transport at the rotor wall and on the axis: 

- 0  a t r = O :  - -  aNk 
ar (3.10) 

0 The axial transport over the end caps equals a constant. The value of 
the constant is different according to the end cap, as it takes into ac- 
count the removal of the enriched and depleted streams from the centri- 
fuge (Fig. 4). 

(3.11) 

loa (- pD dN, + pV,Nk 
at z = 0: loa + k , z 2 ~ r d r  = 

(3.12) 

1 

I 

Enricher 

Stxlpper 

F ( I a ) ,  N,,  

FIG. 4 Schematic of a centrifuge with one feed port and two extractors at the extreme 
ends of the rotor. 
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1196 WOOD, MASON, AND SOUBBARAMAYER 

Finally, it should be noted that the feed concentration NF,k is related to 
Np,k and Nw,k by the overall balance equation for the isotope k :  

N F . k  = 0Np.k -t (1 - 0)N, ,k  ( 3 . 1 3 )  

For a mixture of n isotopes, n equations like Eq. ( 3 . 8 )  together with n 
sets of boundary conditions similar to the set of Eqs. (3 .9)-(3.13)  are to 
be solved. We recall that in Eq. ( 3 . 8 )  the axial mass velocity field pV,(r,  
z )  should come out from the solution of Onsager's pancake model. 

3.2. Radial Averaging Approximation 

The above-mentioned set of diffusion equations are nonlinear, two-di- 
mensional, partial differential equations and are too complex to be solved 
directly by mathematical methods or even by computational facilities. A 
very good approximation can be obtained by the radial averaging method 
which reduces the ( r ,  z )  dimensional PDEs to z dimensional ordinary 
differential equations. The method consists in seeking the solution for the 
radially averaged mole fraction of isotope k 

(3 .14)  

The new variable N k  depends only on the axial coordinate z .  The way we 
follow is quite similar to the one in the case of a binary mixture. We start 
from the steady-state conservation law Eq. (3.7), multiply the two sides 
by 2 1 ~ r d r ,  and integrate from r = 0 to r = a. We have, by taking into 
account the boundary conditions (3.9) and (3 .10) :  

lou +k,z 2 m d r  = constant (3.15) 

The value of the constant, in order to be self-consistent with boundary 
conditions (3 .1  I )  and ( 3 . 1 2 ) ,  should be taken as - F(l - 8)N,,.,k for 0 < 
z < ZF and FONp,k for ZF < z < zH. We first proceed to the analysis of 
the section Z,- < 2 < Zn for which Eq. (3 .15)  is written 

r a  

(3 .16)  

substituting Eq. ( 3 . 6 )  into Eq. (3 .16)  results in 

FBN,,k = A* - B" (3.17a) 

A* = 1 pVZNk2nrdr  
0 

(3.17b) 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1197 

aNk B* = 27rpD loa rdr 

The integral B* is approximated very simply: 

(3 .17~)  

(3.18) 

The integral A* is more complex to calculate. First, we proceed to an 
integration by parts by introducing the stream function !P defined by 

Then we have 

A* = 27r lou N k - d r  = 2 n  [NI,'~!]: - dr 

In the first term on the RHS of Eq. (3.19), 2&(a) is the net transport of 
the mixture, i.e., F0, and N k  ( r  = a)  is approximated by Rk. So we have 

(3.20) 

The transverse concentration gradient in the last term of Eq. (3.20) is 
estimated directly from the diffusion equation (3.8). The diffusion term 
- pD(dZNkldZ2) is disregarded and the term dNkldZ is approximated by 
dRkldZ which is independent of r .  Thus, the relationship between the 
transverse gradient and the axial concentration gradient takes the follow- 
ing form: 

Multiplying both sides by rdr and integrating from 0 to r yields 

1 V d N k  - -  MjNj) + pDTdZ 

In the first term on the RHS, we approximate a11 the N by N, and the 
final expression for the transverse gradient follows: 

I q d R k  
dr RT j =  1 ') pD r dZ M k -  5 M . N .  +---  (3.21) 
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1198 WOOD, MASON, AND SOUBBARAMAYER 

Substituting Eq. (3.21) into Eq. (3.20) results in 

(3.22) 

Finally, inserting Eqs. (3.22) and (3.18) into Eq. (3.17) results in the differ- 
ential equation for x k  in the enricher (ZF < Z < Z H ) :  

(3.23) 

(3.24) 

(3.25) 

In Eq. (3.25) N0,k is an auxiliary variable which will be determined later. 
The differential equations for Rk in the stripper (0 < Z < Z,) are obtained 
by changing FO with - F(l - 0) and Np.k with N,v,k: 

- F( 1 - 0)N,.,k -F( 1 - 8 ) x k  

(3.26) 
and in the boundary conditions 

(3.27) 

(3.28) 

The auxiliary variable NO,k should be determined from the overall balance 
equation for the isotope k:  

NF,k = ONp,, + (1 - 0)N,.,k (3.29) 

Finally we recall that 

5 -. N .  = 1 
;= 1 

(3.30) 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1199 

Equations (3.23) to (3.30) determine the axial separation of all the isotopes 
in the centrifuge. 

3.3. Separation Equations in Terms of Onsager's 
Master Potential 

The set of Equations (3.23) to (3.30) is nondimensionalized and ex- 
pressed in terms of Onsager's master potential by the following change 
of variables: 

(3.31) 

For the sake of notation simplicity, we drop from now on the overbar on 
the radially averaged mole fractions m k .  The final set of equations govern- 
ing the separation of all the isotopes in the gas centrifuge can be written: 

Enricher: y F  5 y 5 yN 

With the boundary conditions: 

(3.33) 

NO,k is an auxiliary variable which will be determined later. The expres- 
sions of Ek and h are given below after the equations for the stripper. 

Stripper: 0 5 y 5 Yf 

Boundary conditions: 

(3.34) 

(3.35) 

A? 

Ek = 4ReScA2Ax-- 6Mk M '  h = 1 + ~ R ~ * S C ~ A * ~ ~  (xX)*dx (3.36) 
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In Eq. (3.36), Re is the Reynolds number introduced in Section 2, Sc the 
Schmidt number Sc = F/@, and A x  is the radial drop of the master 
potential across the layer 

(3.37) A X  = X(X = 0, Y )  - X(X X T ,  Y )  

6Mk is dependent on all the Nj:  

(3.38) 

Notice that Ek and h are different for enricher and stripper because the 
master potential is different for the two sections through the feed drive. 
Notice also that Eqs. (3.32) and (3.34) are nonlinear through EMk in E k .  
Finally, we want to point out the direct physical meaning of the master 
potential whose drop characterizes the transfer coefficient Ek.  We recall 
that NO,k is determined from the balance equation (3.29) and that all the 
Nj solutions of Eqs. (3.32) to (3.38) should satisfy Eq. (3.30). 

Note: The master potential terms 

r A* 

involved in Eq. (3.36) are related to the separation parameters m and eF,  
defined by Hoglund et al. (18) as follows: 

The nondimensional transfer coefficient Ek and the HETP (height of equiv- 
alent theoretical plate) h in Eq. (3.36) can also be expressed in terms of 
rn and e F :  

h = 1 + in2 (3.40) 

3.4. Solution by the Iteration Method 

The nonlinear set of Eqs. (3.32) to (3.38) can be solved by the iteration 
method used by Harink-Snijders (22). Equations (3.32) and (3.34), being 
nonlinear because of the term E k ,  the method of iteration consists in con- 
sidering, for the ( i  + 1)th iteration step, the value of El; calculated with 
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all the concentrations of the ith step. Then, the set of equations for Nk,i+ I 

turns out to be linear: 

1 with 

(3.41) 

At each iteration step, the auxiliary variable NO,k,i+ 1 is determined by the 
balance equation 

NF,R = eNp,k,i+i + (1 - O)Nw,k,i+i (3.42) 
The solution of Eqs. (4.1) and (4.2) is straightforward. We give below the 
axial distribution Nk,;+ ( y )  of the concentrations along the centrifuge and 
the end concentrations Np,k,i+ 1 and Nh,,k,i+ I .  

O s y S y F :  
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-- NP,k,i+ I - fP,k,ifqP f Cpw) . ___- Nw,k,i+ I - fw,k , i ( (PP -k 9w) 
NF,k 9PfP.k . i  f 9wfw.k.i’ NF.k (PPfP,k,i  f (pw.fw,k,i 

At each iteration step, not only the end concentrations but also the whole 
axial profiles of the concentrations of all of the isotopes should be calcu- 
lated and inserted in the expression of &,i (last equation of Eqs. 3.41) in 
order to provide the function &(y) to be used in the next iteration step. 
Note also that we should calculate the sum of the product and waste 
concentrations cj”= NpJ,i  and N,,,,j,i at each iteration step and stop 
the iteration procedure when‘ the two relations 

are satisfied with a prespecified accuracy. The iteration procedure may 
be started by using the feed concentrations of all the isotopes. 

4. OPTIMIZATION OF CENTRIFUGE PARAMETERS 
FOR MULTI-ISOTOPE SEPARATION AND EXAMPLES 

OF APPLICATION 

In this section we develop a strategy for optimizing the centrifuge pa- 
rameters in the case of multi-isotope separation (Section 4.1). Then we 
present two examples of application pertaining respectively to the reen- 
richment of spent reactor uranium (Section 4.2) and to the separation of 
the stable isotope of chromium (Section 4.3). 

4.1. An Optimization Strategy for Multi-Isotope Separation 

One of the end results expected from computational work on centrifuga- 
tion is to predict some “optimal” centrifuge parameters. What does the 
term “optimal” mean? A well-posed optimization problem includes three 
well-specified sets of data. 

a) Device and process gas data. These are the technological data of the 
centrifuge including the length, diameter, and peripheral speed; the 
process gas mixture and its properties; the feed composition of all 
the isotopes; the average gas temperature; and the mass holdup (or 
alternatively the gas pressure at the wall). 
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b) Controllable variables, i.e., the variables on which an external action 
is possible and that can be modified by the experimentor. The four 
countercurrent driving parameters belonging to this category are the 
scoop drag, the wall temperature gradient, the feed rate, and the cut. 
In fact, due to the linear nature of Onsager’s pancake model, the 
countercurrent flow results from a linear combination of the four 
drives, each drive being calculated separately for some unitary value. 
We choose 1000 dynes for the angular momentum sink for the scoop 
drive, a difference of 1 kelvin for end-to-end temperature of wall ther- 
mal drive, and a feed of 1 kg/s for each of the upper section and 
lower section drives. Each of the corresponding unitary solutions of 
Onsager’s equation is multiplied by a weight coefficient and then com- 
bined linearly. These drive weights are the controllable variables. 
“Cost function,” i.e., some quantity to optimize by determining prop- 
erly the controllable variables. In the case of a binary mixture, the 
“cost function” is quite naturally the separative power. But in the 
case of a multi-isotope mixture, the separative power is no longer 
available. We choose the following strategy: 

c) 

0 We focus on one desired isotope. 
0 In addition to the device and process gas data mentioned above in a), 

we specify the product and waste concentrations of the desired isotope. 
The cut will result from this choice and the data of the feed composition 
through the balance equation. 

0 We look for the maximum value of the feed rate yielding the above 
fixed outlet concentrations. 

a The controllable variables which will be used for optimization are two 
drives (scoop drive and linear wall temperature drive). 

Practically we proceed by interpolation as follows. We select one nominal 
value of the feed rate and optimize the scoop drag and the linear wall 
temperature gradient to produce the largest product concentration of the 
desired isotope. If the resulting optimized product concentration is less 
than what is required, select a smaller value of the feed rate and reopti- 
mize. But if the resulting optimized product concentration is more than 
the desired value, select a larger value of feed rate and reoptimize on the 
scoop drag and linear wall temperature gradient. This process can con- 
tinue until the calculated value of the product concentration of the desired 
isotope is close enough to the required value. For the latter value, the 
waste concentration requirement is automatically satisfied because of the 
fixed value of the cut. 
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A code, operating on a PC, was created by one of us (Thomas C. Mason) 
to compute Onsager’s equation for multi-isotope mixtures and to optimize 
centrifuge parameters according to the above-developed strategy. The 
optimization uses a quasi-Newton algorithm for finding a minimum of a 
function subject to fixed upper and lower bounds on the variables. The 
algorithm was written by Gill et al. (24) and is part of the NAG library. 
That code was used to carry out practical calculations in two cases, and 
the results are presented in the next two subsections. 

4.2. Reenrichment of Spent Reactor Uranium 

The device and process gas data are displayed in Table 1. The centrifuge 
data pertain to a test case specified during a workshop held in Darmstadt, 
Germany, 1987 (the Proceedings of this workshop are quoted in Ref. 9). 
The physicochemical properties of UF6 are drawn from DeWitt (25). The 
additional requirements follow: 

0 Desired isotope: U-235 
0 Product concentration of the desired isotope: 3% 
0 Waste concentration of the desired isotope: 0.3% 

The cut resulting from the specification of the U-235 concentrations in 

TABLE 1 
Reenrichment of Spent Reactor Uranium: Centrifuge and Process 

Gas Data 

Length of the centrifuge 
Diameter of the centrifuge 
Peripheral speed 800 m/s 
Process gas u F6 
Average gas temperature 340 K 
Gas pressure at the wall 
Molecular weight 352 g/mol 
Viscosity 1.96 x 10-5kg/m.s 
Heat capacity 384 J/kg.K 
Thermal conductivity 0.00782 W/m.K 
Ratio of specific heats 1.065 
Schmidt number 0.8 
Isotopic composition of the feed: 

15 m 
0.5 m 

500 torr 

u-232 10-9% 
U-234 0.02% 
U-235 0.9% 
U-236 0.4% 
U-238 98.68% 
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MULTI-ISOTOPE SEPARATION IN A GAS CENTRIFUGE 1205 

the feed, product, and waste is 0.2222. The application of the optimization 
procedure described in Section 4.1 results in Fig. 5 where we have plotted 
the optimal product concentration of U-235 versus feed rate. Interpolating 
from this curve, it is determined that the largest feed rate satisfying the 
above requirements is F,,, = 18.60 mg/s and the pertaining optimal re- 
sults are summarized in Table 2. Some other results pertaining to the 
optimum are depicted in Figs. 6 to 8. Figure 6 is the streamlines corre- 
sponding to the superposition of the four optimal drives. Figure 7 plots 
the two Cohen’s parameters eF (flow profile efficiency) and m (normalized 
countercurrent flow). Figure 8 gives the axial profiles of the concentra- 
tions of the four isotopes, U-232, U-234, U-235, and U-236 (the profile of 
U-238 is not plotted and can be easily derived as the difference between 
1 and the sum of the four plotted profiles). Here are some comments on 
the results: 

0 The feed point is located at the midplane of the centrifuge. The scoop 
is located at x = 6, y = 0.25. The wall thermal drive is due to a very 

3.8 

3.6 

3.4 

3.2 

- 5 3  

g 2.8 

9’ 

c 
2 c 

c 

2.6 

& 2.4 

2.2 

2 

1.6 

1.6 
0 5 10 15 20 25 30 35 40 

Feed Rate (mgrs) 

FIG. 5 Reenrichment of spent reactor uranium: Optimal product concentration of U-235 
versus feed rate for the cut 0 = 0.2222. 
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TABLE 2 
Reenrichment of Spent Reactor Uranium: Results of Optimization 

Optimal countercurrent: 
Feed rate 18.60 mg/s 
cut  0.2222 
Scoop drag 1290 dynes 
End-to-end temperature difference 0.902 K 

Isotopic composition of the product and of the waste: 

Isotope Product concentration (%) Waste concentration (%) 

U-232 0.43360 X lo-* 
U-234 0.077345 
U-235 3.0039 
U-236 1.0270 
U-238 95.893 

~ 

0.46974 x 
0.0036179 
0.29895 
0.22087 

99.476 

0 2 4 6 a 10 12 14 
Scale Heights 

FIG. 6 Reenrichment of spent reactor uranium: Streamlines for the optimal centrifuge 
parameters. 
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Position 

FIG. 7 Reenrichment of spent reactor uranium: Flow profile efficiency e F  and scaled coun- 
tercurrent flow m for the optimal centrifuge parameters. 

small gradient of temperature. The optimal temperature profile on the 
boundaries (caps and side wall) is very close to isothermal. 
The reenrichment of spent reactor uranium to 3% of U-235 can be 
achieved in a single stage cascade by the centrifuge defined in Table 
1. Due to technology progress, such a centrifuge does not seem to be 
unimaginable. 
There is an important presence of U-236 in the product flow (about 
1%). As this isotope is neutron absorbing, it will be advisable to reen- 
rich the spent reactor uranium to a concentration of U-235 slightly 
greater than the usual 3% reactor grade. 
The enrichment factor of U-232 is the highest (about 4.3). Neverthe- 
less, as this isotope is in small proportion in the feed, it will remain 
in reasonable proportion in the product. 

4.3. Enrichment of Chromium 50 

The second example of application involves the enrichment of chro- 
mium 50 from a naturally occurring 4 isotope mixture. Szady (2), using 
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0.03 0.04 4 U-235 

U-236 

u-234 

U-232 

0.00 10.00 20.00 30.00 40.00 50.00 60.00 
AX181 LOCStlOn 

FIG. 8 Reenrichment of spent reactor uranium: Axial profiles of the concentrations of the 
isotopes for the optimal centrifuge parameters. 

centrifugation facilities at Oak Ridge, was able to obtain 16.2% Cr-50 
product using 4.35% Cr-50 feed with a waste of 3% (3-50. The device and 
process gas data are listed in Table 3. The physicochemical properties of 
Cr02F2 are due to the courtesy of Borisevich (26). The additional require- 
ments follow: 

0 Desired isotope: Cr-50 
0 Product concentration of the desired isotope: 16.2% 
0 Waste concentration of the desired isotope: 3.0% 

The cut resulting is calculated to be 0.10227. The application of the optimi- 
zation procedure results in Fig. 9 where we have plotted the optimal prod- 
uct concentration of Cr-50 as a function of the feed rate. Interpolation 
from this curve determines the largest feed rate to yield the desired con- 
centration to be 50 mg/s. The optimal results are summarized in Table 4. 
The product and waste concentrations obtained experimentally by Szady 
are also listed in Table 4 for comparison with the computed results. The 
results seem to be very close, but the agreement should be considered 
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TABLE 3 
Separation of Chromium Isotopes: Centrifuge and Process 

Gas Data 

Length of the centrifuge 
Diameter of the centrifuge 
Peripheral speed 800 m/s 
Process gas Cr02F2 
Average gas temperature 315 K 
Gas pressure at the wall 50 tom 
Molecular weight 122 g/mol 
Viscosity 1.40 x lo-’ kg/m.s 

Thermal conductivity 0.00675 W/m.k 

Schmidt number 0.75 
Isotopic composition of the feed: 

15 m 
0.5 m 

Heat capacity 636 J1kg.k 

Ratio of specific heats 1.12 

Cr-50 4.35% 
0 - 5 2  83.79% 
Cr-53 9.50% 
Cr-54 2.36% 

22 

0 20 40 60 eo 100 120 140 

Fwd Rate (mg/s) 

FIG. 9 Enrichment of chromium-50: Optimal product concentration of Cr-50 versus feed 
rate for the cut 0 = 0.10227. 
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TABLE 4 
Separation of Chromium Isotopes: Results of Optimization 

Optimal countercurrent 
Feed rate 50 mgls 
c u t  0.10227 
Scoop drag 55 12 dynes 
End-to-end temperature difference 5.66 K 

Isotopic composition of the product and of the waste: 

Product-Szady" Product-Codeb Waste-Szddy" Waste-Codeb 
Isotope (96) (%) (%I (%) 

Cr-SO 16.2 16.122 3.0 3.009 
Cr-52 79.4 79.7~15 84.3 84.254 
Cr-53 4.0 3.789 10.1 10.150 
Cr-54 0.4 0.373 2.6 2.586 

a Product-Szady, Waste-Szady: Experimental results from Ref. 2. 
Product-Code, Waste-Code: Computed results by our code. 

FIG. 10 Enrichment of chromium-50: Streamlines for the optimal centrifuge parameters. 
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FIG. 1 1  Enrichment of chromium-50: Flow profile efficiency eF and scaled countercurrent 
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FIG. 12 Enrichment of chromium-50: Axial profiles of the concentrations of the isotopes 
for the optimal centrifuge parameters. 
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only as a qualitative comparison as the physical parameters of the centri- 
fuge used by Szady are not published. Further results of our optimization 
computations include a stream functions plot (Fig. lo), a plot of Cohen’s 
parameters m and e F  (Fig. 11) and a plot of the concentration axial profiles 
of the four isotopes (Fig. 12). 

5. CONCLUSIONS 

A method to compute the optimal multi-isotope separation in a gas 
centrifuge is developed in this article. The method relies on three models: 

Onsager’s pancake model to solve for the countercurrent flow. 
Radial averaged diffusion equations to solve for the concentrations of 
all the isotopes (solution by iteration method). 

0 Optimization methodology to compute the optimal countercurrent 
drive parameters. 

The method works with very light computing equipment. As a practical 
application of the method, we have calculated the reenrichment of spent 
reactor uranium with a long and high speed centrifuge permitting the en- 
richment to reactor grade in a single-stage cascade. But the method can 
be extended to short and lower speed centrifuges. In the latter case the 
calculations should be completed by an appropriate cascade calculation. 
A second practical computation was also carried out in one case of stable 
isotope production. The enrichment of chromium-50 was calculated, but 
the model can easily be applied to any stable isotope separable by centrifu- 
gation. 
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